On the high energy spin excitations in the high temperature
  superconductors: an RVB theory by Pei, Jiquan et al.
ar
X
iv
:1
30
5.
48
34
v1
  [
co
nd
-m
at.
str
-el
]  
21
 M
ay
 20
13
On the high energy spin excitations in the high temperature superconductors: an
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The high energy spin excitation in the high Tc cuprates is studied in the single mode approxima-
tion for the t− t′−J model. An exact form for the mode dispersion is derived. When the Gutzwiller
projected BCS state is used as the variational ground state, a spin-wave-like dispersion of about
2.2J is uncovered along the Γ = (0, 0) to M = (pi, 0) line. Both the mode energy and the integrated
intensity of the spin fluctuation spectrum are found to be almost doping independent in large doping
range, which agrees very well with the observations of recent RIXS measurements. Together with
previous studies on the quasiparticle properties of the Gutzwiiler projected BCS state, our results
indicate that such a Fermionic RVB theory can provide a consistent description of both the itinerant
and the local aspect of electronic excitations in the high Tc cuprates.
PACS numbers:
The spin dynamics of the high Tc cuprates is a funda-
mental issue in the study of high Tc superconductivity
for two reasons. On the one hand, the superconducting
state of the high Tc cuprates is evolved from and is neigh-
bored by an antiferromagnetic ordered insulating state.
On the other hand, the d-wave superconduting pairing
in the high Tc cuprates is widely believed to be medi-
ated by the antiferromagnetic spin fluctuations. How-
ever, after the intensive studies in the last two decades,
it remains elusive if the spin dynamics of the high Tc
cuprates is more appropriately described by an itinerant
or a local picture. In the magnetic ordered parent com-
pounds, both the itinerant and the local picture work
well. However, when the static magnetic order is melt by
doping, it becomes unclear if the local spins remain their
integrity. In the itinerant picture, collective spin fluctu-
ation emerges only when the system is close to magnetic
ordering instability and is essential only near the mag-
netic ordering wave vector. On the other hand, in the
local picture, the integrity of the local spin is dictated
by the strong local electron correlation. It thus survives
even when the system is far away from magnetic insta-
bility and when the probing momentum is far away from
the magnetic ordering wave vector. Thus, a detection of
the high energy spin excitations in momentum regions
far away from the ordering wave vector can provide key
information on the nature of spin dynamics in the high
Tc cuprates.
Most of our understandings on the spin dynamics of
the high Tc cuprates are obtained from the inelastic neu-
tron scattering(INS) measurements1–4. A universal fea-
ture uncovered by these INS studies is the (π, π) res-
onance mode in the superconducting state, which is ex-
plained successfully in the itinerant picture as a spin exci-
ton mode below the superconducting gap and is taken as
a strong support for d-wave pairing. However, as a result
of the limited neutron flux, most INS measurements are
made around the antiferromagnetic ordering wave vector
Q = (π, π) and are limited to relatively low excitation
energies. Very recently, the situation is changed dramat-
ically as the resonant inelastic X-ray scattering(RIXS)
emerges as a powerful way to study the spin dynamics
of the high Tc cuprates
5. Together with INS, we are
now able to probe the spin excitation spectrum in the
high Tc cuprates in a much larger momentum and energy
range6–12. A shocking result from these studies is that
the high energy spin wave excitation of the parent com-
pounds survives even in the heavily overdoped systems,
for which clear signature of electron itineracy(such as well
defined Fermi surface, sharp quasiparticle peak and well
defined d-wave BCS gap) have been confirmed by other
measurements. More specifically, a spin-wave-like disper-
sive peak is observed in the spin excitation spectrum by
RIXS along the Γ = (0, 0) to M = (π, 0) line. Apart from
a significant broadening, both the dispersion and the in-
tegrated intensity of this peak are found to be almost
doping independent below x = 0.4. Here x is the density
of the doped holes.
The observation of robust high energy spin wave ex-
citation in the heavily doped cuprates poses a serious
challenge for theoretical understanding of high temper-
ature superconductivity. From the strongly correlated
point of view, the appearance of dispersive high energy
spin excitation itself is not that surprising, since the lo-
cal spins remain their integrity in the doped system. The
doped charge carriers act only to dilute the existing lo-
cal spins and to cut short their spatial correlations. At
sufficiently short length scale, we should still expect dis-
persive spin excitations. However, it is highly nontriv-
ial how this behavior can be integrated into a theory
which can simultaneously account for the electron itin-
erancy around the Fermi surface observed by ARPES
measurements13. For example, in the RPA treatment
of the spin dynamics14, the spin collective mode is only
well defined around Q = (π, π) and is limited to rather
low excitation energies. For momentum far away from
Q = (π, π), the spin fluctuation spectrum is essentially
unchanged by the RPA correction and is composed of
a broad particle-hole continuum that can extend in en-
ergy up to the band width(see supplementary material
2A for an example). Another important difference be-
tween the local and the itinerant picture is about the
local spin sum rule. According to the local picture, the
spin fluctuation spectrum should satisfy the sum rule of∫
dqdωS(q, ω) = 34 (1 − x) as a result of the no double
occupancy constraint. This sum rule is important for
a correct description of the spin dynamics in the local
picture and is violated in the itinerant picture.
The Gutzwiller projected BCS state is generally be-
lieved to be a good variational description of the su-
perconducting state of the high Tc cuprates. After the
Gutzwiller projection, the no double occupancy con-
straint and the local spin sum rule are enforced ex-
actly. Previous studies on this state indicate that it of-
fers a rather good account of the single particle excita-
tion around the Fermi surface15–21. A recent projected
RPA calculation on this state also explains well the evo-
lution of the (π, π) resonance mode with doping22. We
thus wonder if the same wave function is also consistent
with the new observations made by recent RIXS mea-
surements.
In this paper, we calculate the dispersion of the spin ex-
citation in the single mode approximation for the t−t′−J
model with the Gutzwiller projected BCS state as the
variational ground state. The use of the single mode ap-
proximation is just the right choice since almost all the
observed spectral weight in the RIXS measurements are
concentrated in a single broadened peak. We first derive
an exact form of the mode dispersion for the t − t′ − J
model in the single mode approximation. We then use
the Gutzwiller projected BCS state to evaluate the expec-
tation values involved in the dispersion relation. We find
when the observed pairing gap is used in the calculation,
a very good agreement with the RIXS observations can
be achieved. This indicates that the Fermionic RVB the-
ory based on the Gutzwiller projected BCS state can not
only account for the low energy excitation at the energy
scale of the pairing gap, but can also provide an accurate
description of the local spin correlation of the high Tc
cuprates. It thus provides a balanced account of the itin-
erant and the local aspect of the electronic excitations in
the high Tc superconductors.
In the single mode approximation, the spin wave exci-
tation at momentum q is created by acting on the ground
state with the spin density operator S+q and has the form
|Ψ〉q = S+q |G〉, (1)
in which |G〉 is the ground state of the system and is
assumed to be normalized. The excitation energy of this
mode is
Ωq =
q〈Ψ|H |Ψ〉q
q〈Ψ|Ψ〉q − 〈G|H |G〉, (2)
in which H is the Hamiltonian of the system. When
the spin fluctuation spectral weight at momentum q is
distributed in a single broadened peak, as is the case
observed in RIXS measurements along the Γ-M line6,8–12,
we can also interpret Ωq as the center of gravity of this
broadened peak. The integrated intensity of this peak is
given by the spin structure factor, or
Iq =
∫
dωS(q, ω) = 〈G|S−−qS+q |G〉. (3)
Here S(q, ω) is the spin fluctuation spectrum at momen-
tum q. Thus in the single mode approximation, the spin
fluctuation spectrum is totally determined by the ground
state wave function.
Following well known procedures, it can be shown that
the mode energy Ωq can be calculated from the expecta-
tion value of the double commutator between the Hamil-
tonian and the spin density operator in the ground state.
More specifically, it is given by
Ωq =
1
2
〈G|[S−q , [S+q , H ]]|G〉
〈G|S−q S+q |G〉
. (4)
In the derivation, we have assumed that |G〉 is the exact
ground state of H . Now we apply this formula to the
t−t′−J model of the high Tc cuprates. The Hamiltonian
of the model reads
H = − t
∑
<i,j>,α
(cˆ†i,αcˆj,α + h.c.)
− t′
∑
<<i,j>>,α
(cˆ†i,αcˆj,α + h.c.)
+ J
∑
<i,j>
(~Si · ~Sj − 1
4
ninj), (5)
in which cˆi,α = ci,α(1−ni,−α) is the constrained Fermion
operator that satisfies
∑
α cˆ
†
i,αcˆi,α ≤ 1. α = ±1 is
the spin of the electron. < i, j > and << i, j >>
mean nearest and next-nearest neighboring sites. ~Si =
1
2
∑
α,β cˆ
†
i,α~σcˆi,β and ni =
∑
α cˆ
†
i,αcˆi,α are the spin and
electron number operators at site i. The spin density
operator at momentum q is given by S+q =
∑
i e
iq·RiS+i .
To evaluate Ωq from Eq.4, we need the commutator
between S+q and the operators in H . It can be shown
directly that these commutators are given by22
[cˆ†i,α, S
+
i ] = −δα,−1cˆ†i,+1
[cˆi,α, S
+
i ] = −δα,+1cˆi,−1
[ni, S
+
i ] = 0
[S−i , S
+
i ] = −2Szi
[Szi , S
+
i ] = S
+
i . (6)
When these commutators are inserted into Eq.4, we find
Ωq =
3
8
(K + 163 Ex)(1− γ(q)) + K′(1− η(q))
S(q)
. (7)
In the derivation we have assumed that |G〉 is spin rota-
3tional invariant. In Eq.7,
K = t〈G|
∑
<i,j>,α
(cˆ†i,αcˆj,α + h.c.)|G〉
K′ = t′〈G|
∑
<<i,j>>,α
(cˆ†i,αcˆj,α + h.c.)|G〉
Ex = −J〈G|
∑
<i,j>
~Si · ~Sj |G〉 (8)
are the expectation values of the kinetic energies and the
spin exchange energy in |G〉. γ(q) = (cos(qx)+cos(qy))/2
and η(q) = cos(qx) cos(qy) are the form factors for near-
est and next-nearest neighboring hopping terms in the
t − t′ − J model. S(q) = ∑i,j eiq·(Ri−Rj)〈G|~Si · ~Sj |G〉 is
the spin structure factor at momentum q.
We thus get a closed form for the mode dispersion for
the t − t′ − J model in the single mode approximation.
From Eq.7, it is clear that the dispersion of the mode is
mainly determined by the momentum dependence of the
spin structure factor S(q), since the expectation values
K, K′ and Ex in the nominator are all local quantities
that are not sensitive to the exact form of the ground
state |G〉. For example, an estimate of these quantities
to the accuracy of 10 percent can be easily achieved by an
ordinary variational wave function. On the other hand,
an accurate estimate of the spin structure factor is much
more demanding. The RIXS data thus provides impor-
tant information on the spin correlation in the ground
state and may serve as a smoking gun to discriminate
between different theories of the high Tc cupartes.
Now we use the Gutzwiller projected BCS state to eval-
uate the mode energy Ωq and the integrated intensity Iq
for the high Tc cuprates. It is given by
|G〉 = PG|BCS〉, (9)
in which PG is the projection into the subspace of no dou-
ble occupancy. |BCS〉 is the ground state of the following
BCS mean field Hamiltonian
HMF =
∑
k,α
ǫkc
†
k,αck,α+
∑
k
∆k(c
†
k,+1c
†
−k,−1+h.c.), (10)
in which ǫk = −2tv(cos(kx) + cos(ky)) −
4t′v cos(kx) cos(ky) + µv, ∆k = ∆v(cos(kx) − cos(ky)).
Here t′v/tv, µv/tv and ∆v/tv should be understood
as variational parameters to be determined by energy
optimization. This can be done with the standard
variational Monte Carlo method15.
Our calculation is done on a 14× 14 lattice. We have
adopted the periodic-antiperiodic boundary condition to
avoid the d-wave node. In the calculation, we have set
t′ = −0.25t and J = t/3, as is usually assumed in the
literature. The values of the optimized variational pa-
rameters are shown in Fig.1a as functions of doping. For
later reference, we also plot in Fig.1b the ratio between
the gap slope v∆ and the Fermi velocity vF at the nodal
point as determined from the optimized variational pa-
rameters. Here the gap slope is defined as v∆ = |∂∆k∂k |.
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FIG. 1: (a)The doping dependence of the optimized vari-
ational parameters in the Gutzwiller projected BCS state.
(b)The doping dependence of v∆
vF
at the nodal point as deter-
mined from the optimized variational parameters.
At the nodal point on the Fermi surface, it can be shown
that v∆ =
∆v
2
√
t2v+µvt
′
v
.
The doping dependence of the mode energy Ωq along
the Γ-M line calculated with the optimized variational
parameters is shown in Fig.2a. The overall energy scale
of the mode dispersion along the Γ-M line is about 2J ,
which is quite consistent with the observation in RIXS
measurements if we assume J = 125 meV8. However,
the doping dependence of the dispersion is rather strong
and is inconsistent with the experimental observations.
In particular, the mode energy is found to increase with
decreasing doping at small q and deviates strongly from
the linear spin wave dispersion around the Γ point at
small doping. Such a discrepancy indicates that certain
features in the spin correlation of the high Tc cuprates is
not correctly captured by the Gutzwiller projected BCS
state if the optimized variational parameters are used.
To see the origin of such a discrepancy, we note the
dispersion of Ωq is solely determined by the spin struc-
ture factor S(q). In the long wave length limit, both
1 − γ(q) and 1 − η(q) in the nominator of Eq.7 behave
as quadratic functions of momentum. The coefficients
of 1 − γ(q) and 1 − η(q), namely K + 163 Ex and K′, are
all local quantities and can both be estimated accurately
from the variational ground state. To reproduce the lin-
ear dispersion in the long wave length limit, the spin
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FIG. 2: The dispersion of the mode energy Ωq along the Γ-M
line. Here qy is fixed at zero. In (a), we have used the pairing
gap determined from variational optimization. In (b), we have
divided the variational pairing gap by a factor of 4 so as to
match the observed value of v∆
vF
∼
1
20
around x = 0.1523–25.
structure factor must be linear in q in the same limit.
This is just what we expect in a Fermi liquid with a
nonzero density of state on the Fermi surface. More
specifically, the spin structure factor in a Fermi gas is
given by S(q) = 23
∑
kΘ(ǫk+q)(1 − Θ(ǫk)), in which ǫk
is the dispersion of the Fermion. In the long wavelength
limit, only those states that are within a shell of thick-
ness proportional to q around the Fermi surface can con-
tribute to S(q), which is thus proportional to both q and
the density of state at the Fermi energy. On the other
hand, in the superconducting state, the low energy spin
excitation is gapped out by the superconducting gap and
the spin structure factor is given by
S(q) =
1
2
∑
k
(1− ǫkǫk+q +∆k∆k+q
EkEk+q
), (11)
in which Ek =
√
ǫ2k +∆
2
k. In the long wavelength limit,
the BCS coherence factor (1 − ǫkǫk+q+∆k∆k+q
EkEk+q
) is sup-
pressed quadratically as a result of the singlet pairing.
Thus the spin structure factor S(q) is a quadratic func-
tion of momentum for small q. We find the above argu-
ment also apply to the Gutzwiller projected BCS state.
This explains why Ωq is gapped at the Γ point for small
x in Fig.2a.
With these understandings, we now improve the vari-
ational ground state. For this purpose, we note the pair-
ing gap as determined from the variational theory is ac-
tually much larger than that observed in experiments.
More specifically, both ARPES and transport measure-
ment find that v∆
vF
∼ 120 at the optimal doping23–25, while
the value of v∆
vF
determined from the optimized varia-
tional parameters is about 0.2 for x = 0.15(see Fig.1b).
Thus, the observed contour of equal energy around the
gap node is about a factor of 4 more anisotropic than that
predicted by the variational theory. For this reason, we
scale down the size of the pairing gap by a factor of four
so as to match the observed value of v∆
vF
. The mode en-
ergy calculated with the rescaled pairing gap is shown in
Fig.2b, which is seen to be much more consistent with the
dispersion reported in RIXS measurements. In particu-
lar, the doping dependence of mode dispersion becomes
now very weak and an approximate linear dispersion is
recovered in the long wavelength limit. The overall scale
of the dispersion is about 2.2J . This also agrees well with
the RIXS data if we assume J = 125 meV.
In Fig.3, we plot the doping dependence of the inte-
grated mode intensity Iq along the Γ-M line. We find Iq
is almost independent of the doping along the whole Γ-
M line. This is consistent with the observation of RIXS
measurements. However, we note Iq is strongly doping
dependent around the antiferromagnetic ordering wave
vector Q = (π, π)(see the supplementary material B).
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FIG. 3: The doping dependence of the integrated intensity
of the spin fluctuation spectrum along the Γ-M line. The
parameters used here are the same as that used in Fig.2b.
Thus, the main observations of the RIXS measure-
ments can be well explained by the Fermionic RVB the-
ory, if the observed pairing gap, rather than that de-
termined from variational optimization, is adopted. To-
gether with the results of extensive studies on the quasi-
particle properties of the Gutzwiller projected BCS state,
our results indicate that the Fermionic RVB theory can
not only provide a consistent understanding on the low
energy excitations around the Fermi surface, but can also
5provide an accurate description of the local physics of the
high-Tc cuprates. The Fermionic RVB theory is thus a
promising framework to unify both the itinerant and the
local aspect of electronic excitations in these doped Mott
insulators. Nevertheless, the RIXS data remind us again
that the pairing gap is overestimated substantially in the
standard Fermionic RVB theory. This overestimation is
most likely caused by the insufficient account of the an-
tiferromagnetic spin fluctuation in the Fermionic RVB
theory, which competes with the tendency of spin singlet
pairing. This is reasonable since both the antiferromag-
netic spin fluctuation and the d-wave spin singlet pairing
are driven by the same spin superexchange interaction in
the t − t′ − J Hamiltonian. A more advanced theory of
the high Tc cuprates should of course treat both ordering
tendencies on the same footing.
Finally, we note the single mode approximation be-
comes less useful around Q = (π, π), as the spin fluctu-
ation spectrum develops finer structures in this momen-
tum region3( Supplementary material B contains a more
detailed discussion on this point). A general approach
to study these structures in the Fermionic RVB theory is
proposed recently by us22. It is interesting to apply this
approach to the high Tc cuprates to arrive at a deeper
understanding of such a strongly correlated system.
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I. SUPPLEMENTARY MATERIALS
A. The spin fluctuation spectrum of the high Tc
cuprates in the itinerant picture
To check if the RIXS data is consistent with an itiner-
ant picture, we have calculated the spin fluctuation spec-
trum of the cuprates from the random phase approxima-
tion. In the RPA scheme, the dynamic spin susceptibility
is given by
χ(q, ω) =
χ0(q, ω)
1 + J(q)χ0(q, ω)
, (12)
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FIG. 4: The Fermi surface of the tight-binding model we used
to calculate the mean field spin susceptibility χ0(q, ω). The
arrow and the red dots illustrate the transition at the peak
energy for q = (pi, 0).
in which χ0(q, ω) is the bare spin susceptibility of the
band electron and J(q) = J(cos(qx)+cos(qy)) is the RPA
kernel caused by the antiferromagnetic spin exchange.
The bare susceptibility χ0(q, ω) in the BCS supercon-
ducting state is given by
χ0(q, ω) =
1
4
∑
k
(1− ǫkǫk+q +∆k∆k+q)
EkEk+q
)
× ( 1
ω − Ek − Ek+q + i0+
− 1
ω + Ek + Ek+q + i0+
), (13)
in which ǫk = −2t(cos(kx) + cos(ky)) −
4t′ cos(kx) cos(ky) − µ is the band dispersion and
∆k = ∆(cos(kx)− cos(ky)) is the BCS gap function. The
parameters t, t′ and µ can be determined by fitting the
ARPES results. Here we set t = 250 meV, t′ = −0.3t,
µ = −t. The Fermi surface for this set of parameters
is plotted in Fig.4, which corresponds to a doping of
x = 0.15 and is very similar to that observed in the
optimally doped Bi2Sr2CaCu2O8+δ
13. We also set
∆ = 25 meV, so that v∆
vF
≈ 120 . We note that the
conclusion of this section is not sensitive to the exact
values of these parameters.
The bare spin fluctuation spectrum(the imaginary part
of χ0(q, ω))is composed of a continuum of the particle-
hole excitations. The RPA correction, which is responsi-
ble for the emergence of soft collective mode around the
antiferromagnetic ordering wave vector Q = (π, π), has
a much weaker effect along the Γ-M line as is probed in
the RIXS measurements. In particular, the RPA correc-
tion can not introduce any new pole in this momentum
region. For clarity, we will only present the mean field
spectrum. The result is shown in Fig.5. For small qx,
the continuum is bounded above by vmF,xqx, in which v
m
F,x
is the maximal Fermi velocity in the x direction on the
Fermi surface. At the M point, the continuum becomes
as broad as the whole band.
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FIG. 5: A color map of the mean field spin fluctuation spec-
trum along the Γ-M line. Here qy is fixed at zero.
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FIG. 6: The mean field spin fluctuation spectrum at three
momentums along the Γ-M line.
A prominent feature in the mean field spectrum is the
dispersive peak inside the continuum. To understand its
origin, we plot in Fig.6 the spectrum at several momen-
tum along the Γ-M line. The peak is found to be related
to the Van Hove singularity in the particle-hole contin-
uum. For q=M, this peak corresponds to the transition
from the antinodal point on the Fermi surface to mo-
mentum around the band bottom. This is illustrated
in Fig.4. The peak energy at the M point is given by
Epeakq=M ≈ Ek=kAN +Ek=0 = |∆|+ 4(t+ t′) + µ. Here kAN
is the momentum of the antinodal point. For the param-
eters we have used, Epeakq=M ≈ 2t. Although the disper-
sion of this peak looks similar to that observed in RIXS
measurements, the energy of the peak is much higher
than that observed. Furthermore, the peak width is also
too broad to be consistent with experiment. Taken as a
whole, the itinerant picture predicts a broad continuum
and a significantly higher energy scale for spin excita-
tion along the Γ-M line. The itinerant picture is thus
inconsistent with the RIXS data.
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FIG. 7: The spin structure factor at x = 0.03(a), x = 0.16(b)
and x = 0.28(c).
B. The spin fluctuation spectrum in other region
of the Brillouin zone
From our calculation, we see both the dispersion and
the integrated intensity of the spin excitation spectrum
are almost doping independent along the Γ-M line. How-
ever, this is not generally true in other regions of the
Brillouin zone. In particular, the spin fluctuation spec-
trum around the anfiferromagnetic ordering wave vector
Q = (π, π) is strongly doping dependent. In Fig.7, we
plot the spin structure factor for x = 0.03, 0.16 and 0.28.
A strong peak at Q = (π, π) is found for x = 0.03, which
diminishes rapidly with increasing doping. The doping
dependence of the spin structure factor at Q = (π, π) is
shown in Fig.8.
Apart from the integrated intensity, the center of grav-
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FIG. 8: The doping dependence of the spin structure factor
at Q = (pi, pi).
ity of the spin fluctuation spectrum is also strongly dop-
ing dependent around (π, π). In Fig.9, we plot the dis-
persion of Ωq along the the M-Q line. Around Q = (π, π),
Ωq is found to increase rapidly with doping and reaches
2J at x = 0.28. In this region of the momentum space,
the spin fluctuation spectrum develops multi-component
structure3 and the single mode approximation becomes
less useful. The large value of Ωq nevertheless indicates
that a large amount of spin fluctuation spectral weight
at q = (π, π) is distributed in a broad range of energy of
the order of 2J in the overdoped systems. It would be
quite challenging for both INS and RIXS to detect such
strongly smeared-out spectral weight.
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FIG. 9: The dispersion of Ωq along the M-Q line. Here qx is
fixed at pi.
